In this paper we present some relevant dynamical properties of the rattleback, from the Poisson geometry point of view.
Introduction
The rattleback, also known as the celtic stone (or simply, the celt), is a rigid semi-elliptic (canoe shape) object which exhibits rotational preference. More precisely, when spun in one direction, after a few seconds it starts pitching ("rattles"), stops spinning, and then slowly begins spinning in the opposite direction. Surprisingly, when spun in the other direction, it seems to keep spinning steadily. The existence of objects exhibiting this unintuitive property, dates back at least to the Iron Age, as being mentioned by archeologists studying Celtic sites. Starting from 1895 with the article [14] , these objects are the subject of many research papers trying to explain scientifically their unintuitive dynamical properties (see, e.g. [7] , [5] , [2] , [13] , [6] , [10] , and the references therein).
In this paper we continue the analysis of an idealized conservative model of the rattleback, introduced in [7] and then studied further in [13] . As this model is governed by a 3-dimensional system of first order differential equations, from now on, we will refer to this mathematical model of the rattlebak, as the rattlebak system. Our contribution to the study of the rattleback system consists of a complete dynamical analysis from the Hamiltonian/conservative point of view. More precisely, the structure of this article is the following. In the second section we provide a family of Hamilton-Poisson realizations of the rattleback system, parameterized by SL(2, R). In oder to have a self contained presentation, in the next two sections we discuss two subjects already analyzed in [13] (using different approaches), concerning the equilibrium states of the system and their Lyapunov stability (discussed in Section 3), and the existence of periodic orbits (discussed in Section 4). In the fifth section we present some geometric properties of the image of the energy-Casimir mapping (associated to a specific Hamilton-Poisson realization of the rattleback system), and define some naturally associated semialgebraic splittings of the image. More precisely, we discuss the relation between the image through the energyCasimir mapping of the families of equilibrium states of the rattleback system, and the canonical Whitney stratifications of the semialgebraic splittings of the image of the energy-Casimir mapping. In the sixth section we give a complete topological classification of the fibers of the energy-Casimir mapping, classification that follows naturally from the stratifications introduced in the previous section. The seventh section is dedicated to the analysis of heteroclinic solutions of the rattleback system. In the eighth section we give a Lax formulation of the rattleback system. In the last section of this article, we provide a method to stabilize asymptotically any arbitrary fixed orbit/cycle of the rattleback system. More precisely, for an a-priori fixed orbit/cycle, O, we construct explicitly a conservative perturbation (in the sense that the Casimir invariant, C, of the Poisson model space, remains a first integral for the perturbed system) which preserves the orbit/cycle O, keeps its dynamical nature unchanged, and moreover, the orbit/cycle O becomes asymptotically stable (with respect to perturbations along the invariant manifold C −1 ({C(O)})) as an orbit of the perturbed dynamics. The explicit construction of the perturbations agrees with the topological classification of the orbits given in the sixth section. More precisely, for each arbitrary fixed dynamical object (i.e. stable equilibrium point, periodic orbit, heteroclinic cycle) we construct an explicit conservative perturbation of the rattleback system with the above mentioned properties. Moreover, in the case of the periodic orbits, we construct conservative perturbations leading to a stronger type of asymptotic stability, i.e. the so called asymptotic stability with phase.
Hamilton-Poisson realizations of the rattleback system
The rattleback system analyzed in this work, was introduced in [7] , and is governed by the following system of differential equations
where λ > 0 is a real parameter. Let us recall from [7] , [13] , the physical meaning of (x, y, z) and the parameter λ. More precisely, (x, y, z) represent the (pitching, rolling, spinning) modes of the motion, whereas λ > 0 is a parameter related to the aspect ratio of the rattleback. A first look at the system tells us that the planes x = 0 and y = 0 are both dynamically invariant sets of the system (2.1). As we shall see in the following, the rattleback system can be realized as a Hamilton-Poisson system outside the invariant plane y = 0. In order to do that, let us recall from [13] that the system (2.1) is completely integrable. More precisely, the rattleback system admits two first integrals given by where, Ω := {(x, y, z) ∈ R 3 | y = 0}, ν ∈ C ∞ (Ω, R), ν := y 1−λ , is the rescaling function,
is the Poisson structure generated by C := 1 2 (x 2 + y 2 + z 2 ), and H ∈ C ∞ (Ω, R) given by H := xy λ , is the Hamiltonian function.
Proof. The conclusion follows directly from the following equalities, valid for all (x, y, z) ∈ Ω:
Next result provides a whole family of Hamilton-Poisson realizations of the rattleback system (2.1), parametrized by SL(2, R), such that the Hamilton-Poisson realization given in Proposition 2.1 corresponds to the identity matrix I 2 .
Theorem 2.2 The rattleback system (2.1) admits a family of Hamilton-Poisson realizations parameterized by the group SL(2, R). More precisely, (Ω, ν{·, ·} a,b , H c,d ) is a Hamilton-Poisson realization of the dynamics (2.1), where
the smooth functions C a,b , H c,d are given by
Proof. The conclusion follows directly taking into account that the matrix formulation of the Poisson structure generated by the bracket {·, ·} a,b , is given in coordinates by
3 Equilibrium states and their stability analysis
In this short section we analyze the stability properties of the equilibrium states of the rattleback system (2.1). The same conclusions were also obtained in [13] , using a different approach.
Before stating the result of this section, let us give a characterization of the set of equilibrium states of the rattleback system (2.1).
Remark 3.1
The equilibrium states of the system (2.1) are the elements of the set In the following theorem we describe the stability properties of the equilibrium states of the system (2.1). Proof. In order to study the Lyapunov stability of the equilibria e M ± , for M = 0, we use the Arnold stability criterion [1] . Considering the test function F µ := C − µH, where µ ∈ R is a real parameter, we get that 
The local existence of periodic orbits
In this section we analyze the existence of periodic orbits of the rattleback system (2.1). In order to do that, let us recall an important consequence of the Hamiltonian nature of the rattleback system (2.1). More precisely, due to the Hamiltonian nature of the system, its dynamic takes place on the symplectic leaves of the Poisson configuration manifold. Thus, in order to detect the existence of periodic orbits of the rattleback system, a natural approach consists in restricting the system to an arbitrary fixed (regular) symplectic leaf, and then proving the existence of periodic orbits of the restricted system. As the restricted system becomes a symplectic Hamiltonian system, our approach is based on the Lyapunov Center Theorem. Using a different approach, the existence of periodic orbits of the rattleback system was also analyzed in [13] .
Let us start now our analysis. Using the notations from the previous section, we restrict the rattleback system (2.1) to a (regular) symplectic leaf (of the Poisson manifold (Ω, νΠ C )) that contains a Lyapunov stable equilibrium, and then we apply the Lyapunov Center Theorem, in order to get the existence of periodic orbits for the associated dynamics.
More precisely, using Theorem 3.2, we search for periodic orbits located on (regular) symplectic leaves which contain equilibria of type e 
, the union of the syplectic leaves given above, some straightforward computations imply that the rattleback system (2.1) restricted to O e |M | ± , has the characteristic polynomial associated with the linearization at e |M | ± , given by
As λ > 0 and M = 0, the roots of p e , is locally foliated by periodic orbits of the restricted system. Thus, as the symplectic leaves are dynamically invariant, these periodic orbits are also periodic orbits for the system (2.1). Summarizing, we have proved the following theorem. 
. Moreover, the sets Proof. By Lyapunov's Center Theorem there exist ε 0 > 0 and a one-parameter family
of periodic orbits of the rattleback system, that approaches e
|M | −
as ε → 0, with periods T
. Moreover, the set
is a smooth two dimensional manifold with boundary γ
In order to construct the periodic orbits γ about the invariant plane y = 0. The rest of the proof is a direct consequence of the fact that t → (x(t), y(t), z(t)) is a (T −periodic) solution of the rattleback system (2.1) if and only if t → (x(t), −y(t), z(t)) is a (T −periodic) solution.
The image of the energy-Casimir mapping
The aim of this section is to study the image of the so called energy-Casimir mapping, Im(EC), naturally associated to the Hamilton-Poisson realization (2.2) of the rattleback system (2.1). More precisely, we analyze geometric properties of Im(EC), as well as a semialgebraic splitting of the image. Recall that by semialgebraic splitting of the image, we mean a splitting consisting of semialgebraic manifolds, i.e. manifolds that are described in coordinates by a set of algebraic equalities and inequalities. The results presented here, will be used in the next section, in order to provide a complete topological classification of the orbits of the rattleback system (2.1).
Let us introduce now the main protagonist of this section, namely, the energy-Casimir
where H, C ∈ C ∞ (R 3 , R) are given by H := xy λ , and
Note that the functions H and C given above, are the extensions to R 3 of the Hamiltonian/energy of the system (2.2), and respectively the Casimir C of the Poisson manifold (Ω, νΠ C ), as introduced in Theorem 2.1. Recall that even if both the Hamiltonian and the Casimir invariant, are globally defined functions, in order to realize the rattleback system as a Hamilton-Poisson system, a rescaling function was needed, whose maximal domain of definition is Ω, a proper subset of R 3 (given as the complement with respect to R 3 of the invariant plane y = 0). Summarizing, despite of the terminology, the so called energy-Casimir mapping, is actually related more to the complete integrability of the rattleback system than to the Hamiltonian nature of the dynamics. This is due to the fact that in dimension three, any Hamilton-Poisson system is also completely integrable, whereas the converse implication generally holds true only locally (see [11] ), as is the case here, for the rattleback system.
Next proposition provides an explicit semialgebraic splitting of the image of the energy-Casimir map EC.
Proposition 5.1 The image of the energy-Casimir map admits the splitting
where the subsets S − , S + ⊂ R 2 are splitting further as a union of semialgebraic manifolds, as follows:
Proof. The conclusion follows directly by simple algebraic computation using the definition of the energy-Casimir mapping.
The connection between the semialgebraic splittings of the image Im(EC) given by Proposition 5.1, and the equilibrium states of the rattleback system, is given in the following remark. Before stating the remark let us split the set of equilibrium states of the rattleback system according to their stability.
More precisely, we denote by
the set of stable equilibrium states, where
and respectively we denote by
the set of unstable equilibrium states of the rattleback system (2.1).
Remark 5.2
The semialgebraic canonical Whitney stratifications of the sets S − , S + are described in terms of the image of equilibria of the rattleback system through the map EC as follows:
and Σ p,− denotes the principal stratum of S − .
(
and Σ p,+ denotes the principal stratum of S + .
(iii) Moreover, the image of the energy-Casimir map is convexly generated by the image of the stable equilibrium states, i.e.
All the stratification results can be gathered as shown in Figure 2 . 
The topology of the fibers of the energy-Casimir mapping
In this section we describe the topology of the fibers of EC, considering for our study fibers over regular values of EC as well as fibers over the singular values. It will remain an open question how these fibers fit all together in a more abstract fashion, such as bundle structures in the symplectic Arnold-Liouville integrable regular case.
Proposition 6.1 According to the stratifications from the previous section, the topology of the fibers of EC can be described as in Tables 1 and 2 : Proof. The conclusion follows by simple computations according to the topology of the solution set of the system:
where (h, c) belongs to the semialgebraic manifolds introduced in the above section.
A presentation that puts together the topological classification of the fibers of EC and the topological classification of the symplectic leaves of the Poisson manifold (R 3 , νΠ C ), is given in Figure (3) .
Figure 3: Phase portrait splitting.
Heteroclinic solutions
In this section, using the topology of the fibers of EC, we obtain explicit formulas for the heteroclinic solutions of the system (2.1). The associated orbits connect pairs of unstable equilibrium states of the type {(0, 0, −|M|), (0, 0, |M|)} for M ∈ R \ {0}. Recall from the previous section that the existence of heteroclinic orbits corresponds in the image of the energy-Casimir mapping to points in the strata Σ u . Using an implicit formulation, these orbits are described by the set of solutions of the following semialgebraic system
with M = 0. In order to obtain an explicit form of the heteroclinic solutions, we reduce the system (2.1) from dimension three to dimension one, applying the constraints (7.1), and then we integrate the resulting differential equation. Reconstructing the solutions of the initial system, we get the explicit form of the heteroclinic solutions connecting the unstable equilibrium states (0, 0, −|M|) and (0, 0, |M|) with M = 0. In order to do that, we adopt the following notations:
Summarizing, for each M = 0, we get the existence of four heteroclinic solutions of the rattleback system (2.1) connecting the unstable equilibria e −|M | 3 = (0, 0, −|M|) and e |M | 3 = (0, 0, |M|), given by 
Lax Formulation
The aim of this short section is to provide an explicit Lax formulation of the rattleback system (2.1).
Before stating the result of this section, note that the system (2.1) restricted to a regular symplectic leaf, gives rise to a symplectic Hamiltonian system that is completely integrable in the sense of Liouville, and consequently it admits a Lax formulation.
The following proposition offers a positive answer regarding the existence of a Lax formulation for the unrestricted system. 
9 Asymptotic stabilization of an arbitrary fixed orbit/cycle of the rattleback dynamical system
In this section we provide a method to stabilize asymptotically any arbitrary fixed orbit/cycle of the rattleback dynamical system. More precisely, for an a-priori fixed orbit/cycle O of the rattleback system (2.1) we construct explicitly a conservative perturbation (in the sense that the Casimir invariant remains a first integral of the perturbed system) which preserves the orbit/cycle O, keeps its dynamical nature unchanged, and moreover, the orbit/cycle O becomes asymptotically stable (with respect to perturbations along the invariant manifold C −1 ({C(O)})) as an orbit of the perturbed dynamics, regardless of its initial stability nature. Additionally, the same perturbation provides asymptotic stabilization of all the dynamical elements from the set (EC) −1 ({EC(O)}). As the perturbed dynamics is conservative (C remains a first integral of the perturbed system too), in order to approach asymptotically some orbit/cycle O, we must start from a point located on the invariant manifold C −1 ({C(O)}). Hence, from now on, asymptotic stabilization of an orbit/cycle O means actually asymptotic stabilization with respect to perturbations along C −1 ({C(O)}). The explicit construction of the perturbations agrees with the topological classification of the orbits given in Section 6. More precisely, for each arbitrary fixed dynamical object described in Proposition 6.1 (i.e. pair of stable equilibrium points, pair of periodic orbits, and heteroclinic cycles) we construct an explicit conservative perturbation of the rattleback system with the above mentioned properties. Moreover, in the case of periodic orbits, we construct conservative perturbations leading to a stronger type of asymptotic stability, i.e. the so called asymptotic stability with phase.
The general perturbation procedure we use, works as follows. First, pick a dynamical element located on some fiber (EC) −1 ({(h, c)}) of the energy-Casimir mapping, as classified in Proposition 6.1. Then perturb the rattleback system (2.1) by adding a smooth vector field X 0 such that the resulting vector field admits C as first integral and keeps dynamically invariant the fiber (EC) −1 ({(h, c)}) = {H = h} ∩ {C = c}, i.e. the dynamical element(s) to be stabilized. Following [12] , the vector field X 0 is proportional (at least in some open subset) to the vector field (H(x, y, z) − h)·∇C(x, y, z) × ∇C(x, y, z) × ∇H(x, y, z)
The proportionality function will be constructed separately for each case, in accordance with the Lyapunov function used in order to asymptotically stabilize the chosen dynamical element.
Asymptotic stabilization of the Lyapunov stable equilibrium states of the rattleback system
The aim of this section is to provide a method to stabilize asymptotically each arbitrary fixed Lyapunov stable equilibrium state of the rattleback system (2.1), and in the same time to keep the conservative nature of the dynamics, in the sense that the Casimir
, remains a first integral of the perturbed system. Thus, as already mentioned in the previous section, the asymptotic stabilization procedure makes sense only for perturbations along the corresponding level sets of C. Note that the only Lyapunov stable equilibrium state which cannot be asymptotically stabilized using this approach is the origin, as it belongs to the degenerate sphere C −1 ({C(0, 0, 0)}) = {(0, 0, 0)}.
Before starting the construction of the perturbed dynamical system, let us recall from Remark 5.2 that the image through the energy-Casimir mapping of the nontrivial Lyapunov stable equilibrium states of the rattleback system, is given by Σ s,−,⋆ ∪ Σ s,+,⋆ . Moreover, according to Proposition 6.1, each point, (h, c) ∈ Σ s,−,⋆ ∪ Σ s,+,⋆ , corresponds to a pair of Lyapunov stable equilibrium states of the rattleback system (2. + := (|M|, |M| √ λ, 0). As the geometric location of these equilibrium states depends explicitly on the parity of the parameter λ, we distinguish two cases according to the parity of λ. More precisely, we construct two perturbations of the rattleback system (2.1), denoted by p ± (depending on λ and M), and we prove that for λ = 2n, n ∈ N \ {0}, the perturbation p − stabilize asymptotically the equilibrium states e As the perturbations we are looking for must be conservative (in the sense that the Casimir invariant, C = 1/2 · (x 2 + y 2 + z 2 ), remains a first integral for the perturbed dynamics), the asymptotic stabilization procedure is supposed to take place only on the dynamically invariant sphere C −1 ({(λ + 1)M 2 /2}). In order to construct the perturbations p ± we take into account that for λ = 2n, n ∈ N\{0}, the pair of equilibrium states {e 
On the other hand, for λ = 2n + 1, n ∈ N \ {0}, the pair of equilibrium states {e
, while the pair of equilibrium states {e
Let us state now the main result of this section.
Theorem 9.1 Let ε > 0 be a real parameter and let M ∈ R \ {0}. The following perturbations of the rattleback system (2.1) Proof. First of all, note that (by construction, (9.1)) the equilibrium states ±e |M | − , ±e |M | + of the rattleback system (2.1), are also equilibrium states of the perturbed systems p ± .
The rest of the proof is based on a version of LaSalle's stability criterion (introduced in [3] ) which states that given a smooth vector field X ∈ X(R n ) and an equilibrium state x 0 , if there exists a C 1 real function L x 0 defined on some compact neighborhood
; here the notation L X stands for the Lie derivative along the vector field X.
Using this version of LaSalle's stability criterion, we prove now the conclusion for λ = 2n, n ∈ N \ {0}. (The proof of the case when λ is odd, follows mimetically.)
In order to do that, let us show that the perturbation p − asymptotically stabilizes both equilibrium states e 
→ R be a smooth function, given by In order to check the third hypothesis, let us denote by X p − the vector field which generates the perturbed system p − . Then, some straightforward computations lead to the following equality, valid for all (x, y, z)
, and hence the last hypothesis is also verified.
Note that L Xp − L e |M | + (x, y, z) = 0 if and only if
where E stands for the set of equilibrium states of the rattleback system (2.1). From LaSalle's stability criterion and the fact that C is a first integral of the perturbed system p − , we get the existence of an open neighborhood of e
), the solution (x(t), y(t), z(t)) of the perturbed system p − , starting from (x 0 , y 0 , z 0 ) at t = 0, approaches (as t → ∞) the largest invariant subset of
is an asymptotically stable equilibrium point of p − with respect to perturbations along the invariant manifold
In order to prove that e
|M | −
is also an asymptotically stable equilibrium point of p − with respect to perturbations along the invariant manifold
, we use the same approach, the only difference being that this time we choose U e 
. The rest of the proof follows mimetically the proof that e
|M |
+ is an asymptotically stable equilibrium point of p − with respect to perturbations along the invariant manifold
Now, in order to prove that the perturbation p + asymptotically stabilizes both equilibrium states −e
|M | −
and −e |M | + , we use a similar approach, the main difference being the formula of the Lyapunov function, i.e. this time we use a smooth function given by
In the following table we illustrate the phase portraits of the perturbed systems p ± in accordance with the geometric location of the equilibrium states −e 
Asymptotic stabilization with phase of the periodic orbits of the rattleback system
In this section we provide a method to stabilize asymptotically with phase, each arbitrary fixed periodic orbit of the rattleback system (2.1), and in the same time to keep the conservative nature of the dynamics, in the sense that the Casimir invariant C = 1 2 (x 2 + y 2 + z 2 ) remains a first integral of the perturbed system. Thus, as already mentioned before, the asymptotic stabilization procedure makes sense only for perturbations along the corresponding level sets of C.
Before stating the main result of this section, let us recall from Proposition 6.1 that each point (h, c) ∈ Σ p,− ∪ Σ p,+ corresponds to a pair of periodic orbits of the rattleback system (2.1), given by EC −1 ({(h, c)}).
Theorem 9.2 Let ε > 0 be a real parameter, and let (h, c) ∈ Σ p,− ∪ Σ p,+ . The following perturbation of the rattleback system (2.1)
asymptotically stabilizes with phase both periodic orbits, EC −1 ({(h, c)}), of the rattleback system (2.1), with respect to perturbations in V along the invariant manifold C −1 ({c}).
Proof. First of all, note that (by construction, (9.1)) both periodic orbits, EC −1 ({(h, c)}), of the rattleback system (2.1), are also periodic orbits of the perturbed system p.
The rest of the proof follows directly from a stability criterion given in [11] that concerns Hamiltonian dynamical systems of the typė More precisely, the criterion works as follows. Assume there exists Γ ⊂ V is a periodic orbit of (9.2). If Γ ⊆ (H, C) −1 ({(h, c)}), where (h, c) ∈ R 2 is a regular value for the map (H, C) : Ω → R 2 , then the following conclusion holds true. If c is a regular value of the map C : Ω → R, then for every smooth function α ∈ C ∞ (V, (0, ∞)), Γ, as a periodic orbit of the perturbed dynamical system
u ∈ V , is orbitally asymptotically stable with phase, with respect to perturbations in V , along the invariant manifold C −1 ({c}).
In order to apply the above stabilization criterion, let us recall first from Theorem 2.1 that the rattleback system (2.1) is a Hamiltonian system of type (9.2) where:
C(x, y, z) := 1 2
Note that the maximal set where H and C are functionally independent is the open set
Now the conclusion follows from the above mentioned stabilization criterion, by setting α(x, y, z) := ε, ∀(x, y, z) ∈ V , and taking into account that for every (h, c) ∈ Σ p,− ∪Σ p,+ , we have that (h, c) is a regular value of (H, C) = EC, c = 0 (hence c is a regular value of C), and EC −1 ({(h, c)}) ⊂ V (i.e. both periodic orbits EC −1 ({(h, c)}) are contained in V ).
In order to complete the proof, note that from the relation (9.1) we get
Remark 9.3 The stabilization procedure given in Theorem 9.2 still holds true if we replace the parameter ε > 0 by any smooth function α ∈ C ∞ (V, (0, ∞)).
In the following table we illustrate the phase portrait of the perturbed system p in accordance with the geometric location of the pair of periodic orbits EC −1 ({(h, c)}), (h, c) ∈ Σ p,− ∪ Σ p,+ . As in the case of equilibria, the geometric location of the periodic orbits depends on the parity of λ. 
Asymptotic stabilization of the heteroclinic cycles of the rattleback system
The rest of the proof follows from the classical LaSalle's stability criterion. In order to apply it, let L : R 3 → R be a smooth function given by L(x, y, z) := x 2 y 2λ , ∀(x, y, z) ∈ R 3 . Denoting by X het the vector field which generates the perturbed system p het , after some straightforward computations we obtain the following relation L X het L(x, y, z) = −2εx 2 y 2(2λ−1) (y 2 − λx 2 ) 2 + y 2 z 2 + λ 2 x 2 z 2 ≤ 0, ∀(x, y, z) ∈ R 3 . (9.3)
Using the above inequality and the fact that C = 1 2 (x 2 + y 2 + z 2 ) is a first integral of X het , we obtain that for every β > 0, the set U β := (x, y, z) ∈ R 3 : x 2 y 2λ ≤ β ∩ (x, y, z) ∈ R 3 :
is compact and positively invariant.
Denoting β 0 := M 2(λ+1) λ λ (λ + 1) λ+1 , then for every β ∈ (0, β 0 ), the set U β does not contain the equilibrium states ±e
Let us fix now some β ∈ (0, β 0 ). Using LaSalle's stability criterion and taking into account that C is a first integral of X het , it follows that for every (x 0 , y 0 , z 0 ) ∈ C −1 ({M 2 /2}) ∩ U β , the solution (x(t), y(t), z(t)) of the perturbed system p het starting from (x 0 , y 0 , z 0 ) at t = 0, approaches (as t → ∞) the largest dynamically invariant subset of (x, y, z) ∈ U β ∩ C −1 ({M 2 /2}) : L X het L(x, y, z) = 0 .
Using the relation (9.3), it follows that L X het L(x, y, z) = 0 ⇔ (x, y, z) ∈ {(x, y, z) ∈ R 3 : x = 0} ∪ {(x, y, z) ∈ R 3 : y = 0} ∪ E, where E stands for the set of equilibrium states of the rattleback system (2.1). As β ∈ (0, β 0 ), the only equilibrium states that belong to U β ∩ C −1 ({M 2 /2}) are −e |M | 3 and e |M | 3 , and consequently, the largest dynamically invariant subset of (x, y, z) ∈ U β ∩ C −1 ({M 2 /2}) : L X het L(x, y, z) = 0 is precisely the set of heteroclinic cycles generated by the equilibria −e
|M | 3
and e |M | 3 , i.e. EC −1 ({(0, M 2 /2)}). Note that for every β 1 , β 2 ∈ (0, β 0 ) such that β 1 < β 2 , we obtain
Moreover, for β = 0 we get that Summarizing, we have shown that given any β ∈ [0, β 0 ), then for every (x 0 , y 0 , z 0 ) ∈ C −1 ({M 2 /2}) ∩ U β , the solution (x(t), y(t), z(t)) of the perturbed system p het starting from (x 0 , y 0 , z 0 ) at t = 0, approaches EC −1 ({(0, M 2 /2)}) as t → ∞. In the following figure we illustrate the phase portrait of the perturbed system p het . Figure 6 : Phase portrait of the perturbed system p het .
